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1. Introduction
Currently, logging residues are widely used as 

raw material for bioenergy, for example, for fuel 
chips production. For the effective use of such waste, 
it is necessary to gather information on the amount 
of this type of waste and its distribution within the 
cutting area.

Currently, statistical estimation is widely used for 
the quantification of logging residues; this includes the 
line intersect (LIS) method.

The LIS method is based on the solution of the fa-
mous Buffon’s needle problem. This method was first 
tested to estimate the amount of forest residues in 
New Zealand (Warren and Olsen 1964).

The essence of the method lies in the fact that, after 
logging, one or more lines are laid in the cutting area 
called lines of sampling (Fig. 1). Then all the wood 
crossing these lines is considered. On the basis of this 
data, the volume of wood raw material per area is to 
be estimated.
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The LIS method was successfully applied for log-
ging residues estimation as well as sunken wood (Van 
Wagner 1968, Bailey 1969, Bailey 1970, Howard and 
Ward 1972, De Vries 1973, De Vries 1974, Van Wagner 
1976, Pickford and Hazard 1978, Harmon et al. 1986, 
Karpachev and Scherbakov 1990, Karpachev and 
Scherbakov 2009, Karpachev and Scherbakov 2013, 
Karpachev et al. 2010).

It should be noted that all these studies considering 
the LIS method were performed to estimate logging 
residues, which were distributed around the cutting 
area in the form of individual logs and pieces (Fig. 2).

At the present time, cut-to-length logging (CTL) is 
the primary logging method in European countries. 
CTL is a mechanized harvesting system in which trees 
are delimbed and cut to length directly at the stump. 
Forest residues after the CTL logging are heaps that 
contain tips, branches, etc. These heaps are close in 
shape to the circles (Fig. 3). The previously developed 
LIS method, which was used to estimate distribution 
of logs and their pieces over the cutting area, cannot 
be applied for the estimation of the clusters of logging 
residues after CTL.

In the early 2000s, the authors of the article con-
ducted for the first time the study of the possibility of 
applying the LIS method to estimate logging residues 
after CTL logging (in the article referred to as »the 

clusters of logging residues«) (Karpachev et al. 2010, 
Karpachev and Scherbakov 2013).

The article (Karpachev et al. 2017) presents the re-
sults of studying the LIS method as applied to estimate 
residues on mathematical models after CTL logging. 
The obtained results show that the LIS method enables 
the estimation of different types of residues after CTL 
logging in terms of the amount, including such com-
plex ones as uniform distribution within the technol-
ogy traffic lanes (strips) of width b (Fig. 4).

In models, clusters of logging residues were repre-
sented as being distributed by strips around a square-
cut, regular-shaped area. The sample lines were laid 
perpendicularly across the whole area. All sample 
lines were of the same length.

Areal cutting area is not always characterized as a 
regular polygon. Generally, cutting area may not be 

Fig. 1 A graphical explanation of the line-intersect sampling meth-
od (LIS)

Fig. 2 Logging residues after logging operation

Fig. 3 Clusters of logging residues after CTL logging
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regular-shaped area (as shown in Fig. 4) but any arbi-
trary shape (as shown in Fig. 5). In this case, sample 
lines are to be of different length (Fig. 5).

The purpose of this paper is to provide information 
on the LIS method for estimating logging residues in 
the form of separate heaps – clusters after CTL logging 

on a cutting area of any arbitrary shape S (as shown in 
Fig. 5) with sample  li.

In this article, a complex case was considered in 
terms of its practical application, when only one of the 
coordinates of the center of clusters (for example, xj) 
has uniform distribution, while the other coordinate 
(for example, yj) is generated in accordance with the 
distribution of the strips (Fig. 4). In this case, a differ-
ent radius Rj is assigned to each cluster.

This paper:
Þ  explains the theory underlying the LIS method 

for estimating clusters of logging residues on a 
cutting area with sample lines of different 
length li

Þ  provides basic formulas for estimating the num-
ber of cluster using sample lines of different 
length li

Þ  provides simulation models of the heaps with 
different statistical characteristics and LIS field 
procedures for estimating the number of clus-
ters by using sample lines of different length li

Þ  provides basic results of computer simulation of 
the LIS method for estimating the number of 
clusters

Þ  briefly describes the field-sampling require-
ments for the LIS procedures.

2. Theoretical Approach
Let us consider a flat cutting area S. Suppose the 

area S contains n clusters (Fig. 4), with all the clusters 
being a circle of the radius R.

The number of clusters on the cutting area S can be 
estimated by the equation:

 N
N

n
= =å i

n
i1   (1)

where:
Ni  number of clusters on the cutting area S, esti-

mated by the ith sample line
n number of sample lines.
The number of clusters on the cutting area S can be 

found using the equation:

 i
i

i

m
N

p
=   (2)

where:
mi  number of intersections of clusters with the ith 

sample line

Fig. 4 Presentation of clusters on the cutting area

Fig. 5 Scheme of clusters and sample lines on the cutting area
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pi  probability that the sample line of li intersects 
the cluster.

Let all N clusters on the area S have the shape of a 
circle of the radius R. If the coordinates of the center 
of the cluster xj, yj are defined as a uniform distribution 
on the area S, then the probability that the ith sample 
line of the length li > 2R will intersect the cluster, which 
can be equal to (De Vries 1986, Karpachev et al. 2017):

 p
R l
Si

i=
´ ´2

  (3)

Equation (3) can also be used provided the coordi-
nates of the center of the cluster xj or yj are not defined 
as a uniform distribution around the area S (Karpachev 
and Shcherbakov 2013). For example, the coordinates 
of the center of clusters were generated in accordance 
with the distribution of strips along the technology 
traffic lanes of width b (clusters uniformly distributed 
along the X-axis and within stripes on the Y-axis, Fig. 
4). In this case, we can use equation (3), provided all 
the sample lines are set normally towards the stripes 
direction as in Fig. 4 (Karpachev et al. 2017).

Thus, taking into account equation (3), equation (2) 
can be determined as:
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Equation (1) with equation (4) can be rewritten as:
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In theoretical studies of the LIS method, some as-
sumptions have been accepted:

Þ  the radii of all clusters are the same, being equal 
to R. In practice it can only be true for homog-
enous forests with uniform tree size and spatial 
distribution, but it may be invalid for close-to-
nature forestry

Þ  the coordinates of the cluster centers xj, yj on the 
cutting area are determined according to the 
uniform distribution law.

Due to the accepted assumptions, the theoretical 
formula may not be accurate enough in practice. In 
particular, a number of questions arise:

Þ  What will be the effect of variability of the clus-
ters radii on the estimation accuracy?

Þ  What will be the effect of variability of the clus-
ters radii on sampling?

Þ  What will be the effect of the coordinates distri-
bution law of the cluster centers xj, yj on the es-
timation accuracy?

3. Methods
Simulation studies on the LIS method were carried 

out by various authors (Pickford and Hazard 1978, 
Pickford and Hazard 1986, Karpachev and Shcherbakov 
1990, Karpachev et al. 2010, Karpachev et al. 2017). 
These studies were aimed at investigating various as-
pects of the LIS method. Most simulation research 
activities on the LIS method studied logging residues 
that consisted of separate logs. A small number of sci-
entific works were devoted to modelling clusters of 
logging residues after CTL logging (Karpachev et al. 
2010, Karpachev et al. 2017). However, these research 
activities were applicable to sample lines of the same 
length.

The present paper considers a cutting area S with 
all sample lines of different length. Such model can be 
found in Fig. 5, and it complies with the field condi-
tions to a better extent.

However, the LIS method practical application, us-
ing the scheme in Fig. 5, faces a number of difficulties. 
In particular, it is hard to lay sample lines that are 
normal to technology traffic lanes (strips). It is technol-
ogy traffic lanes themselves that are not easy to be 

Fig. 6 Scheme of clusters and sample lines on the cutting area
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determined in a forested area. When applied, it is 
easier to lay sample lines along the arbitrarily chosen 
direction. In this case, there is a risk of sample lines 
coinciding with technology traffic lanes, which might 
lead to a significant variance, thus increasing the num-
ber of the required sample lines. To avoid that, sample 
lines may be laid perpendicularly in shape of a grid, 
as shown in Fig. 6. We have studied this scheme based 
on mathematical models, and the findings are pre-
sented in this article.

The developed mathematical model of clusters and 
sample lines on the cutting area differed from the one 
in Fig. 6. In the mathematical model, the cutting area 
was assigned as a plane rectangular shape of size LхH 
(Fig. 7–10).

Based on the field measurement data (Karpachev 
et al. 2010, Karpachev and Shcherbakov 2013), the fol-
lowing assumptions for the clusters of logging resi-
dues were accepted and used in the mathematical 
model:

Þ  shape of the clusters is a correct circle with the 
variable radius Rj

Þ  variation of the clusters radii is described by the 
normal distribution law

Þ  location of clusters on cutting area was taken as 
distributed by strips at an angle alfa to the Y-
axis

Þ  coordinate xcj of residues spots was assigned ac-
cording to the normal distribution law on the 
interval [0, L]

Þ  coordinate ycj was assigned according to the nor-
mal distribution law within the width of their 
strips b.

In practice, it was the most difficult to determine the 
shape and size of the clusters of logging residues. Our 
experience (Karpachev and Shcherbakov 2013) has 
shown that it is quite well to present the clusters as 
circles of variable radius Rj. In practice, we measured 
the perimeters of the logging residues and then calcu-
lated the radii (Fig. 15). The mean radius of the clusters 
R was determined from field measurement data.

The coordinates of the center of clusters xcj, ycj were 
generated in accordance with the distribution by 
strips along the X-axis. In experiments, the angles be-
tween strips and the X-axis varied from 0 to 45° with 
15° step. To gather statistics, we have generated hun-
dreds of cluster models. Examples of generating the 
clusters with different angles can be found in Fig. 7 
through 10.

The sample lines of different length were assigned, 
mutually perpendicular and parallel to the coordinate 

axes X, Y (Fig. 11). This grid of sample lines was placed 
on each generated cluster model.

The mathematical model enabled to simplify the 
modelling procedure, where the main idea of estimat-
ing clusters by sample lines of different length still 
applied.

The length lj of the sample line was a random vari-
able taken upon the condition lj > Ri.

Fig. 8 An example of generating stripes of clusters with the angle 
alfa = 15°

Fig. 7 An example of generating stripes of clusters with the angle 
alfa = 0°
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Each sample line was defined by the points of its 
beginning M1i (X1i, Y1i) and end M2i (X2i, Y2i). The mod-
el generated several sets of sample lines on the cutting 
area. There were four types of lines in each set:

1.  Coordinates of the 1st type of lines were M1i (X1i = 
0, Y1i); M2i (X2i, Y2i = Y1i). Coordinates Y1i, X2i were 
assigned according to the distribution law on the 
intervals [0, H] and [2Rmax, L], respectively

2.  Coordinates of the 2nd type of lines were M1i (X1i, 
Y1i = 0); M2i (X2i = X1i, Y2i). Coordinates X1i, Y2i 
were assigned according to the distribution law 
on the intervals [0, L] and [2Rmax, H], respectively

3.  Coordinates of the 3rd type of lines were M2i (X2i = 
L, Y2i); M1i (X1i, Y1i = Y2i). Coordinates Y2i, X1i were 
assigned according to the distribution law on the 
intervals [0, H] and [0, L – 2Rmax], respectively

4.  Coordinates of the 4th type of lines were M2i (X2i, 
Y2i = H); M1i (X1i = X2i, Y1i). Coordinates X2i, Y1i were 
assigned according to the distribution law on the 
intervals [0, L] and [0, H – 2Rmax], respectively.

An example of clusters generation within six strips 
(angle alfa = 15°) with the set of four sample lines of 
different length is shown in Fig. 11.

The maximum radius Rmax was defined by the for-
mula:

 3 Standard deviationRmax R= + ×  (6)

where:
R the mean radius of the clusters.
In the model, we used the mean value of the radius 

R = 3 m.
The fact of intersection of jth cluster with ith sample 

line for 1st type of lines was defined according to the 
following algorithm.

1.  The ith sample line intersects jth cluster, provided 
it meets the logical condition:

Fig. 10 An example of generating stripes of clusters with the angle 
alfa = 45°

Fig. 9 An example of generating stripes of clusters with the angle 
alfa = 30°

Fig. 11 An example of clusters generation within six strips (angle 
alfa = 15°) with the set of four sample lines of different length
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 y R Y y R X xcj j i cj j i cjand1 2_ _  (7)

2.  If condition (7) fails to be met, then the intersec-
tion can still be appliied provided an additional 
logical condition is fulfilled (Fig. 12):

 
y R Y y R X x r Rcj j i cj j i cj ij jand and1 2_ _ _ _

 y R Y y R X x r Rcj j i cj j i cj ij jand and1 2_ _ _ _  (8)

Equations (7) and (8) may be united into a single 
logical condition:

 y R Y y R X x r Rcj j i cj j i cj ij jand and1 2_ _ _ _

 y R Y y R X x r Rcj j i cj j i cj ij jand and1 2_ _ _ _  (9)

where:

 = − + −2 2
ij c j 2i c j 2i( ) ( )r x X y Y  (10)

Likewise, logical conditions of sample line intersec-
tion with the cluster for all other types of line can be 
obtained.

Þ  for the 2nd type of lines:

 x andcj j i cj jR X x R1 _ Y y2i cj or³( )_
 Y y r R2i cj ij jand_ _  (11)

where:

 r x X y Yij cj i cj i= - + -( ) ( )2
2

2
2  (12)

Þ  for the 3rd type of lines:

 y R Y y Rcj j i cj j and1 _ X x1i cj or£( )_
 X x r R1i cj ij jand_ _  (13)

where:

 r x X y Yij cj i cj i= - + -( ) ( )1
2

1
2  (14)

Þ  for the 4th type of lines:

 x R X x Rcj j i cj j and1 _ Y y1i cj or£( )_

 Y y r R1i cj ij jand_ _  (15)

where:

 r x X y Yij cj i cj i= - + -( ) ( )1
2

1
2  (16)

Estimation of the number of clusters was conduct-
ed using the algorithm described above. Estimation 
procedures were implemented in Delphi 7 program. 
In developing the computer program, we used com-
mon approaches used earlier (Karpachev et al. 2017). 
The program interface of the clusters estimation by the 
LIS method is shown in Fig. 13.

Fig. 12 Condition of intersection of the ith sample line with the jth 
cluster for the 1st type of lines

Fig. 13 Program interface for clusters estimation using LIS 
method
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Table 1 Results of the LIS simulation (used mean radius from intersected clusters with all sample lines)
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0 30 58.15 0.95 3.71 22 2.18 26.40 231 96 0.96 0.93

0 72 56.92 2.09 3.34 55 8.65 23.77 191 41 2.25 2.18

0 124 57.92 4.27 3.96 93 21.87 24.89 115 23 3.95 3.82

15 40 57.11 1.28 3.83 29 1.11 27.01 65 74 1.26 1.21

15 78 57.13 2.47 3.71 58 3.81 25.37 60 37 2.45 2.37

15 122 56.88 4.14 3.98 91 11.47 25.10 64 24 3.81 3.69

30 45 57.45 1.33 3.47 33 1.59 25.73 85 65 1.42 1.38

30 80 57.49 2.77 3.64 66 4.15 17.38 80 36 2.53 2.45

30 123 57.33 4.02 3.79 92 8.76 24.82 52 24 3.88 3.75

45 44 57.77 1.37 3.65 33 1.71 26.00 87 66 1.40 2.39

45 77 58.02 2.54 3.82 57 4.91 25.56 72 37 2.46 2.39

45 121 57.34 3.82 3.73 89 6.16 26.24 40 24 3.78 2.39

Table 2 Results of the LIS simulation (used mean radius from all clusters in cutting area)
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0 30 56.65 0.95 3 28 2.28 6.94 242 98 0.93 0.90

0 72 57.33 2.22 3 65 10.16 10.25 197 41 2.27 2.20

0 124 57.80 3.99 3 115 22.69 22.67 137 23 3.94 3.81

15 40 57.29 1.29 3 38 1.21 5.89 69 73 1.26 1.22

15 78 57.67 2.28 3 66 3.84 15.59 71 37 2.47 2.39

15 122 56.94 3.76 3 110 10.83 9.74 73 24 3.82 3.70

30 45 57.27 1.38 3 40 1.52 10.34 75 65 1.42 1.37

30 80 57.23 2.77 3 81 4.36 -1.00 54 36 2.52 2.44

30 123 57.71 3.82 3 110 8.40 10.21 55 23 3.90 3.78

45 44 57.75 1.36 3 39 1.67 10.60 86 66 1.40 1.35

45 77 58.38 2.55 3 73 5.15 5.63 76 37 2.47 2.39

45 121 56.89 3.92 3 115 6.78 5.02 42 24 3.78 2.39
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4. Results and Discussion
The LIS simulation results are shown in Table 1 and 

Table 2. All results are given with a 20% accuracy rate.
Table 1 shows that the radius estimation R (mean 

radius from intersected clusters with all sample lines) 
exceeds the true mean value R = 3 m (mean radius 
from all clusters in cutting area). For example, for both 
strips orientation angle of 30° and the true number of 
clusters = 45 R = 3.47 m, which exceeds the true mean 
value by 15.7%.

Exceeding of the mean radius compared to the 
true mean radius for all angles and different number 
of spots can be seen in Fig 14. The mean value of ra-
dius estimation was R = 3.71 m, which exceeds the 
true mean value R by 24%. Exceeding of the value 
estimation can be explained by the fact that, in the 
model, the estimation was defined using cluster sam-
ples intersected by sample lines. Practically, such ap-
proach proved to be the most suitable (Fig. 15). How-
ever, according to Eq. 3, the probability that the 
sample line will intersect the cluster depends on the 
radius R. As a result, the radius R estimation was de-
fined as too excessive for all angles and numbers of 
clusters (Fig. 14).

To assess the way the cluster radius affects the es-
timation accuracy of the numbers of clusters, the con-
stant value of the radius for all clusters (R = 3 m) was 
introduced. The results of the simulation experiments 
are shown in Table 2 and in the graph (Fig. 16). As 

shown by the graph (Fig. 16), the discrepancy be-
tween the theoretical and experimental results for the 
radius estimations exceeded a 20% error. It should be 
emphasized that, for the constant value of the radius 
(R = 3 m), the discrepancy between the theoretical and 
experimental results exceeded the 20% error only in 
one case. The mean error was 9.3%.

It is interesting to analyze the mean numbers of 
intersections per line. An example of the results of 
simulation experiments (Table 1, Table 2) with the strip 
angle alfa = 45° can be found in Fig. 17. The experimen-
tal data almost coincide with the theoretical data.

Fig. 14 Dependence of cluster radius estimation on the number of 
clusters for different angles of strips

Fig. 15 Measuring the perimeter of the cluster

Fig. 16 Dependence of estimation error of the number of clusters 
on the number of clusters on a cutting area for different mean 
cluster radii
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An example of the dependence of the required 
number of sample lines on the number of clusters is 
shown in Fig. 18 (strip angle alfa = 45°). For compari-
son, in Fig. 18 the theoretical curve can be found for 
clusters with the uniform distribution law. As shown 
by the graph, the required number of sample lines for 
the clusters estimation that were distributed with 
strips (Fig. 10) was twice to three times larger than for 
uniformly distributed clusters.

That can be explained by the fact that the variance 
of the average number of intersection of clusters with 
the lines will be higher than for uniformly distributed 
clusters.

For example, for 121 clusters with strip angle 
alfa = 45° (Table 1, Table 2), the theoretical number of 
sample lines is 24 lines. The required number of sample 
lines, calculated by the results of the experiments, amount-
ed to 40 lines (estimation R) and 42 lines (R = 3 m).

5. Conclusion and Practical 
Recommendations

Estimation of the number of clusters on the cutting 
area of the arbitrary shape S can be made according to 
Eq. 5.

While using Eq. 5, the mean radius of the clusters 
can be assigned as the radius R. The mean radius, be-
ing determined by selection of the spots thus inter-

sected by the sample lines, resulted in the mean radius 
estimation that exceeds the true mean radius by 24% 
in simulation experiments. That can be explained by 
the fact that, according to the formula (Eq. 3), it is more 
likely for a larger radius to be intersected when com-
pared to a smaller one.

Practically, in the case of determining the mean 
radius from a sample of clusters intersected by the laid 
lines, a correction should be made for the mean radius 
estimation.

Estimation of the radius does not depend on the 
number of clusters and angles of strips.

If the sample lines cross the cutting area (parallel 
to the Y-axis) and are equal to the width of the area, 
then the probability that the sample line will intersect 
the cluster can be determined by equation Eq. 3.

Estimation of the number of clusters should be 
done according to the results of the intersections of the 
clusters with n sample lines according to the formula 
(Eq. 5). The required number of sample lines can be 
determined according to statistics formula.

Simulation experiments were carried out for 4 
types of clusters as shown in Table 1, Table 2 and some 
of them in Fig. 14, 16, 17 and 18.

The results of simulation showed that, when the 
location of the sample lines are across the area (Fig. 14, 
16), i.e., across the stripes with clusters, the results 
comply with the theoretical formulas. Discrepancies 
remain within a 20% error. This is due to the fact that, 

Fig. 17 Dependence of the required number of sample lines on the 
mean number of intersections of clusters with sample line (strip 
angle alfa = 45°)

Fig. 18 Dependence of the required number of sample lines on the 
number of clusters (strip angle alfa = 30°)
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in this case, the estimation is only affected by the x-
coordinate of the clusters.

When the location of the sample lines are along the 
cutting area (along the strips with clusters), the results 
failed to comply with the theoretical formulas. The 
discrepancies can exceed a 100% error. A significant 
discrepancy is explained by the fact that the estima-
tion, in this case, is only affected by the y-position of 
the center of the cluster, which is distributed within 
the stripe. A number of the sample lines go through 
the stripes with a large number of intersections with 
the clusters, but the rest of the lines get between the 
strips, where there are no intersections of the lines 
with the clusters. This will clearly lead to an increase 
of variance (or standard deviation), which will corre-
spondingly increase the required number of sample 
lines.

For clusters with coordinates x, y distributed by the 
uniform law around the cutting area, it is possible to 
carry out a sample line across the area and along the 
area. In this case, in practice, the sample lines can be 
drawn either way (along or across the cutting area).

For clusters distributed around the cutting area 
inside the stripes, the sample lines should be laid 
across the stripes. The required number of the sample 
lines can be predetermined according to statistics for-
mula and can be clarified during the field measure-
ment process using the graph (Fig. 17 and Fig. 18).
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